Abstract. We consider the Cauchy problem for the semilinear Schrödinger equation
Introduction
We study the Cauchy problem for the semilinear Schrödinger equation
where T > 0, d ∈ N is the space dimension, u = u(t, x) is a C-valued unknown function of (t, x), F = F (z) : C → C denotes the nonlinearity, f = f (x) is a C-valued prescribed function of x, and λ ≥ 0 is a non-negative parameter. Throughout this paper, we assume that the nonlinearity F : C → C is continuously differentiable in the real sense and satisfies the following estimates 
case). It is expected that the regularity s = s c := d/2−2/(p−1)
is the thereshold between well-posedness and ill-posedness for nonlinear partial differential equations. These phenomena have been verified for several equations, though there are many fundamental PDEs in which it is not known whether these phenomena is valid or not.
We note that though both ±|z| p−1 z and ±|z| p are the p-th order, there is one major difference. That is, ±|z| p−1 z satisfy the gauge invariant property:
F (e iθ z) = e iθ F (z), for θ ∈ R, though ±|z| p do not. It is quite interesting to investigate the differences of the nonlinear effects on solutions between these nonlinearities. The equation (NLS) with F (u) = |u| p is related to the Gross-Pitaevskii equation, which describes the Bose-Einstein condensate in physics. The solution ψ of the Gross-Pitaevskii equation tends to a non-zero constant as time t tends to infinity. The term |u| p appears if we use the changing variable ψ = u + constant. Thus, we expect that the analysis of (NLS) with F (u) = |u| p may be helpful for the study of the Gross-Pitaevskii equation (See [22, 46] ). There are large amount of literatures about (NLS) with the gauge invariant nonlinearity ±|z| p−1 z. However, (NLS) with the non-gauge invariant nonlinearity ±|z| p has been less understood. In this paper, we mainly consider (NLS) with the non-gauge invariant nonlinearity ±|z| p and give comparison of the properties of the solution to (NLS) with ±|z| p to those with ±|z| p−1 z. Next we recall some previous results about (NLS) with the general nonlinearity F . Case 1. General nonlinearity F (z) satisfying (A). We mainly remember the results in the cases s = 0 (L 2 -solution) and s = 1 (H 1 -solution) for simplicity, which are especially important from the physical viewpoints. It is well known that the equation (NLS) is locally well-posed in [15, 52, 7, 8, 6] [48, 16, 34, 55] . For more general s ≥ 0, the similar results were obtained in [38, 7, 8, 6] 
We only consider the case s = 0, 1 or s ∈ (0, min(0, d/2)) for simplicity and introduce the auxiliary space
, where γ and ρ are defined by (1.2) below, and obeys the Duhamel formula
where e it∆ is the free Schrödinger evolution group. We also define the lifespan of the solution as
We denote the closed ball centered at the origin with the radius r in
We state a large data local well-posedness result in
Then the Cauchy problem (NLS) is locally well-posed in
More precisely, the following statememts hold:
• (Existence) For any r > 0 and for any initial data
.
Moreover for any admissible pair
• (Lower estimate of the lifespan) There exists a positive constant
where
The similar statements also hold in the negative time direction. [6, 7, 8] 
Then the Cauchy problem (NLS) is locally well-posed in
More precisely, the following statements hold:
• (G.W.P. for small data) There exists a constant 
Case 2. Gauge invariant type nonlinearity F (z) = ±|z| p−1 z. In this case, the equation (NLS) has several conserved quantities. For example, for a solution u, the mass, the energy and the momentum conservation laws hold:
for any t ∈ [0, T ). Moreover, the pseudoconformal conservation law is also valid:
, which follows from the fact that the existence time of local solutions depends only on the size of the initial data, and the a-priori L 2 -bound of solutions via the above mass conservation law. In the L 2 -critical case (p = p 0 ), several types of solutions appear, corresponding to the sign of the coefficient of the nonlinearity and the size of the initial data. In the defocusing case (F (z) = |z| 4/d z), it was proved in [11, 12, 13] 
initial data, and the solution scatters to a free solution in L 2 (R d ) as t → ±∞ (see also [36] for the radially symmetric case). In the focusing case (F (z) = −|z| 4/d z), the function e it Q(x) satisfies (NLS) for any t ∈ R, if λf = Q, where Q = Q(x) is called the grand state and is the non-negative solution of the elliptic equation
The existence and uniqueness of Q were established in [3] and [39] respectively. If
Moreover, by transforming this to
we can find a blow-up solution in a finite time. On the other hand, it was proved in [14] that [4, 20, 49] for radially symmetric case). On the other hand, in the focusing case (F (z) = −|z|
satisfies the stationary equation
and we can see that W is a global
is not finite. The scattering results also were obtained for H 1 -solution, (see [32, 37] ).
Case 3. Non-gauge invariant type nonlinearity F (z) = |z| p . In this case, it is not trivial whether the conservation laws hold or not, different from the case of the gauge invariant nonlinearity ±|z| p−1 z. In fact, it was proved in [29] that the equation (NLS) does not have the mass conservation law. Moreover, in our previous paper [26] , it was shown that there exists a blow-up H s -solution (some s ≥ 0) for the equation (NLS) in the L 2 -subcritical case (1 < p < p 0 ), even if λ > 0 is small (see Theorem 1.5 below). In the (NLS) with F (z) = |z| p , the energy conservation law does not seem to hold, though the momentum is conserved.
Next we recall our previous result obtained in [26] , which gives existence of a blow-up H s -solution to (NLS) for a suitable f ∈ H s (R d ) and arbitrary λ > 0 and an upper estimate of the lifespan for small λ:
We assume that the function f satisfies
where d/2 < k < 2/(p − 1). Then there exists a constant C > 0 depending only on d, p, k, |µ| such that for any λ ∈ (0, 1], the following estimates hold: Next we recall some other related results to the above questions. In the case p = 2, since the nonlinearity F (z) can be written as F (z) = |z| 2 = zz, we can see that the Fourier analysis is effective. In fact, by using the Fourier restriction norm method, low-regularity L.W.P. in
was obtained in [33] (d = 1), [9] (d = 2), and [50] (d = 3). In the
was obtained in [21] . On the other hand, ill-posedness to (NLS) has not been less understood, though in the case
for some c 1 , c 2 ∈ C\{0}, ill-posedness results were studied in [1, 9, 38] . For more information about (NLS) with F (z) = |z| p , see [18, 23, 24, 25, 43, 44] . At the end of this section, we introduce some function spaces and notations used throughout this paper. 
be the rapidly decaying function space. For f ∈ S(R d ), we define the Fourier transform of f by
and the inverse Fourier transform of f by 
and φ(ξ) = 0, if |ξ| ≥ 2. We define the Littlewood-Paley decomposition 
Main Result
In this section, we state our main results in this paper. We reduce our problems with respect to H s -solution into existence of the weak-solution defined as follows.
Definition 2.1 (Weak-solution, its lifespan). We say that u is a weak-solution to (NLS) on [0,T), if u belongs to
We denote the lifespan for the weak solution by
, ∞]; there exists a unique weak-solution u to (N LS)}.
Next we state a non-existence result for the global weak-solution for p > 1 for a suitable f and large λ.
Proposition 2.2 (Non-existence of the global weak-solution for p > 1 and large data). Let
and u be a weak solution on [0, T w (λ)). We assume that the function f satisfies
. Then there exist constants λ 0 > 0 and C > 0 depending only on d, p, k, |µ| such that for any λ > λ 0 ,
where κ :
. The similar statement also holds for the negative time direction if the right hand side of (2.2) is replaced by
Next we give a large data blow-up result for H s -solution in the H s -subcritical or critical case 1 < p ≤ p s . 
Theorem 2.3 (Large data blow-up result for
We assume that the function f satisfies the estimate (2.2) with
. Then if there exist T > 0 and a weak-solution u to (NLS) on [0, T ), then λ = 0. The similar statement also holds for the negative time direction if the right hand side of (2.2) is replaced by (2.4).
Next we give a non-existence result for the local weak-solution in the H s -supercritical case for suitable H s -function f for arbitrary λ > 0. At the end of this section, we give a few remarks on our main results.
Theorem 2.5 (Non-existence of the local weak-solution in H
(1) We recall the definition of the Strauss exponent p S :
, which often appears in the study of not only NLS but also nonlinear wave equations. We note the relation:
It is well known that for the nonlinearity F satisfying (A) with [6] , [47] ). On the other hand, it was proved in [26] that for the nonlinearity F (z) = |z| p with the opposite case 1 < p < p S , there exists a blowing-up
and even for small λ > 0. However, in the critical case p = p S , it was not known whether the local H s -solution exists globally or not, even if the data is sufficiently small and smooth. Especially, in the case d = 3, p = p S = 2, almost global solution to (NLS) with F (z) = |z| 2 was proved for small and smooth data in [18] . Our Theorem 2.3 gives that in the critical case p = p S , there exists a blowing-up H s -solution to (NLS) with
The ill-posedness results obtained in [33] (F (z) = |z| 2 ) and in [1] (F (z) = z 2 ) imply the irregularity of the flow map. On the other hand, our ill-posedness result (Theorem 2.5) means non-existence of local weak-solution, it should be distinguished from theirs.
Integral inequalities via a test-function method
In this section, we derive two useful inequalities (Lemmas 3.1, 3.2 below) by using suitable test-functions. Though the similar results as Lemma 3.1 were obtained in [56, 38, 29, 28, 26, 27] , Lemma 3.2 does not appear in the papers.
We take the two functions
(|x| ≥ 1). For a parameter τ > 0, we also define the time-space function
We denote the open ball of radius r > 0 at the origin in R d by B(r) := {x ∈ R d ; |x| < r}. 
are true, for any τ ∈ (0, T ), where q := p/(p − 1).
Proof of Lemma 3.1. We introduce two positive functions of τ ∈ (0, T )
Since u is a weak-solution on [0, T ) and ψ 
We only consider the case ℜµ > 0. The other cases can be proved in the almost similar manner. Taking the real part of the identity (3.3), we obtain (3.4)
We will estimate K 1 . Due to l/q − 1 ≥ 0 and the Hölder inequality, we have
Next we consider K 2 . By l/q − 2 ≥ 0, the Hölder inequality, we obtain
By combining the estimates (3.3)-(3.6), we obtain
We note that since p, q > 1 and 1/p + 1/q = 1, we have ab ≤ a p /p + b q /q for a, b > 0. Thus we can estimate for the first term of the right hand side as
By the estimates (3.7)-(3.8), we have
where C is a positive constant dependent only on d, p and l, which completes the proof of the lemma. □ Lemma 3.2. We assume the same assumptions as in Lemma 3.1. Furthermore we assume that the function f satisfies (2.2) with k ∈ R. Then the estimate
are true, for any τ ∈ (0, T ), where C > 0 is the same constant as in Lemma 3.1.
Proof of Lemma 3.2.
We only consider the case ℜµ > 0. The other cases can be treated in the almost similar manner. Then by (2.2), ℑf satisfies
We consider the lower bound of −ℑJ(τ ), where J(τ ) is defined by (3.2) . By changing variables and (3.11), we have
for any τ ∈ (0, T ). By combining Lemma 3.1 and (3.12), we obtain (3.10), which completes the proof of the lemma. □
Proof of the main theorems
First we give a proof of Proposition 2.2.
Proof of Proposition 2.2.
We only consider the case ℜµ ̸ = 0. The other case can be treated in the similar manner. By Lemma 3.2, we have 
